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The basic object: the (mean) oscillation of a function, beyond smoothness

f(x) = fW)] <clz—y|* =z,y€eR"
if and only if
ﬁfQ 1 f(y) — foldy < cl(Q)“

(Notation: fo = |75|fo(3/) dy:=+Hof (=<f>q))

e Due to Campanato (early 60’s)

e The proof is based on the Lebesgue differentiation theorem

f(z) = lim — f(y) dy

r—0 |B(£E, T)| B(x,r)

e The limiting case, & = 0 \?%IIQ f(y) — foldy < c

BMO space of John-Nirenberg

e Examples: f(z) = log|z| or more generally f(x) = log M (u)(x)
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properties of the Hardy-Littlewood maximal function

M f(x) —Sup If(y)ldyNSUD 1 f(y)| dy
r>0 JBr(x)

Classical results:
M : LP(R™) — LP(R"), 1< p<oo

and specially M Ll(Rn) N Ll,OO(Rn)
namely IM £l p100rny < cn Jre |f(2)] dz

1
where ||f||Lﬁ,oo = supyso Au({z € R 1 [f(z)| > A})P

Somehow this is a "rough” estimate of f because we have to measure

1) = o) = 1@~ f,  F@)dy
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The basic object: the oscillation of a function, beyond smoothness Il
Motivated by the Variance of a random variable X

7[ — fold

Q\f(y) fol dy

~ inf —c|d
in fQIf(y) | dy

~ @) = 1) dady

Possible variations: 1

e’
(lef(y) fol dy)

or other "norms”. (The case § = 2 is the variance but we think more in § < 1.)

Another variation, infrep, IT%IIQ I — 7| & ﬁfQ If — Po(f)]
where P (f) is a unique polynomial satisfying certain properties.

Resembling Taylor polynomials.
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e (1,1) Poincaré inequality:

e The (p,p) version, p > 1:

1/p

(@% JoIf = fQ|pdx) <@ (@ Iy IVflpdfv>

e Higher order case:

ool = PO S en GH= IVl m=1,2--.

where Pg(f) is an appropriate optimal polynomial of order m — 1 in the sense
that
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e Fractional Integral Operator: If oo € (0,n)

I f(z) = / f(y)

R™ | — y|? =

dy = (Ko * f)(x)

with Ko(z) = | 1
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Lemma Let f € C1(Q), then
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e It goes back to Sobolev

Proof IfecQ, |f(a) - fol = |/ (@) — fo f(W)dy| < f51f (@) - f(W)ldy

We define V(1) := f(o + ty — 2))
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so that

1 1
F@) —F@) =7(1)=1(0) = [ ¥t = [ Vi(w+ty—o).(y—a)dt
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£ 1f@) = fwlay < 4 | [ V5@t~ )y — )t dy
Q —JQ|Jo

<f [ 195G iy — )l by — | ey

< /01/8 ; IVi(z+t(y —2))| |y — z[ xg(y)dyd
t to
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Hence, integration we have

1
f 5@ = sy < f. | | Vi@ + ty = )y — @)dt| dy
1
< ) IV F Gt iy = )y — | drdy

< /01/8 ; IVf(z+t(y — )|y — = (y)dyd
t to

Change of variable z = x + t(y — =) combined with Fubini’s
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Hence, integration we have

1
f 5@ = sy < f. | | Vi@ + ty = )y — @)dt| dy
1
< ) IV F Gt iy = )y — | drdy

< = \V4 = — dydt.
<1 h Iy V@ 1@ =)y — 2l xq)dud

Change of variable z = x + t(y — =) combined with Fubini’s

|z — x| 1
tnxQ(z)dzdt

Q| Jo / /Bu iy VT
1d
=L [ iy IVFEI1 ol d=

ooyt ¢
= [ N = (191 kg) @),

|z — x| a1
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6(Q)
Q

1
— x) — de < Oy, Vi(x)|l dx
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1 Cn
@/Q f(z) — foldz < @/Q I (IV/fIxq) (z)da

Cn g(y) )
= dy | d
Q) Q</Q z— g1 )

@) 1
dx | d
|Q| g(y) (/Q PR w) Y

To finish we just need to prove

1 n
/Q P y|n_1d:1: < cnf(Q) x € R
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Corollary Poincaré (1, 1) inequality:

6(Q)
Q

1
— x) — de < Oy, Vi(x)|l dx
Ol Jo F@) = Jaldz < |1V 5@

Proof Fubini applied to the pontwise estimate

1 Cn
@/Q f(z) — foldz < @/Q I (IV/fIxq) (z)da

Cn g(y) )
= — dy | d
Q) Q(le—yln_l 7]

@) 1
dx | d
=101 Jo W (f@ =yl w) :

To finish we just need to prove

1 n
/Q P y|n_1da: < cnf(Q) xr €R

We will prove something a bit more general.
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The “layer cake formula™
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The “layer cake formula™

The Layer cake formula Let ¢ : [0,00) — [0, c0), increasing, C'1, with
»(0) = 0, then

[ oU@)dn=["d@On({aeX : f(2) >}t
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The “layer cake formula™

The Layer cake formula Let ¢ : [0,00) — [0, c0), increasing, C'1, with
»(0) = 0, then

[ oU@)dn=["d@On({aeX : f(2) >}t

Lemma Let O < o« < n and let 2 C R™ with finite measure. Then

1 oY
/ dr < cp|Q2|n r € R"
Q|x —

y|n—e



Harmonic Analysis cperez@bcamath.org

The “layer cake formula™

The Layer cake formula Let ¢ : [0,00) — [0, c0), increasing, C'1, with
»(0) = 0, then

[ oU@)du= [~ ¢Ou{zeX : f(a) >t} dt

Lemma Let O < o« < n and let 2 C R™ with finite measure. Then

1 oY
/ dr < cp|Q2|n r € R"
Q|x —

y|n—e

Proof WMA = = 0.
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END FIRST LECTURE



